
I. J . 
BELLCOMM, INC.  

0 

SUBJECT: Improvement t o  t h e  Secan t  
Method - Case 103-2  

ABSTRACT 

DATE: September  27, 1 9 6 6  

FROM: J .  5. Schoch 
R .  T .  Y u i l l  

An improvement t o  t h e  n -d imens iona l  s e c a n t  method 
i s  p r e s e n t e d .  The s e c a n t  method i s  employed i n  s u b r o u t i n e  
Wolfe for t h e  s o l u t i o n  of s i m u l t a n e o u s ,  n o t  n e c e s s a r i l y  l i n e a r  
e q u a t i o n s .  It i s  i t e r a t i v e  and a t  t h e  end o f  e a c h  i t e r a t i o n  
t h e  new s o l u t i o n  i s  used  t o  r e p l a c e  t h e  o l d  s o l u t i o n  hav ing  
t h e  l a r g e s t  e r r o r .  Occas iona l  d i f f i c u l t i e s  have been e x p e r i e n c e d  
w i t h  non-convergence.  

The s u b j e c t  improvement changes  t h e  c r i t e r i o n  f o r  
s e l e c t i n g  t h e  s o l u t i o n  t o  be r e p l a c e d  by s p e c i f y i n g  t h a t  e a c h  
new s o l u t i o n  must be  used a t  l e a s t  t w i c e  b e f o r e  i t  may be  
replaced. It h R s  y i e l d e d  c o n v e r g p n c e  in rases  t h i t  did ~ ? c t  
conve rge  , u s ing  t h e  e x i s t i n g  method. 

p r o p e r l y  when u s i n g  t h e  o l d  method, conve rges  no rma l ly  when 
u s i n g  t h e  new c r i t e r i o n .  

Graph 1 shows how a c a s e  t h a t  d i d  n o t  converge  
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I n t r o d u c t i o n  

I n  u s i n g  t h e  s e c a n t  method f o r  t r a j e c t o r y  t a r g e t i n g ,  
c a s e s  were e n c o u n t e r e d  where no conve rgence  was o b t a i n e d .  

A c l o s e r  i n v e s t i g a t i o n  showed t h a t  chang ing  t h e  
c r i t e r i o n  by which one o f  t h e  o l d  s o l u t i o n s  i s  e l i m i n a t e d ,  
conve rgence  i s  o b t a i n e d .  

The P r e s e n t  S e c a n t  Method 

A more complete e x p l a n a t i o n  of the seC.ant met.hod 
may be  found  i n  (1) and  ( 2 )  w h i l e  i t s  a p p l i c a t i o n  t o  t a r g e t i n g  
i n  l a u n c h  v e h i c l e  a p p l i c a t i o n s  was men t ioned  i n  ( 3 ) .  

F o r  t h e  p r e s e n t  d i s c u s s i o n ,  i t  w i l l  b e  s u f f i c i e n t  
to remember t h a t  t h e  s e c a n t  method d e t e r m i n e s  t h e  v a l u e s  o f  n 
i n d e p e n d e n t  v a r i a b l e s  i n  o r d e r  to r e d u c e  t h e  e r r o r  o f  n 
dependen t  v a r i a b l e s  to an  a r b i t r a r i l y  small v a l u e  b y  a n  
i t e r a t i o n  p r o c e s s .  Dur ing  e a c h  i t e r a t i o n ,  a b e t t e r  v a l u e  o f  t h e  
i n d e p e n d e n t  v a r i a b l e s  i s  o b t a i n e d  b y  a p p r o p r i a t e l y  m a n i p u l a t i n g  
t h e  e r r o r s  o f  some o f  t h e  p r e v i o u s  a p p r o x i m a t i o n s .  As a new 
a p p r o x i m a t i o n  i s  o b t a i n e d ,  one o f  t h e  o l d  o n e s  i s  e l i m i n a t e d .  

Wolfe (1) s u g g e s t s  e l i m i n a t i o n  o f  t h a t  s o l u t i o n  f o r  
which  t h e  sum of t h e  s q u a r e s  o f  t h e  e r r o r s  i n  a l l  d imens ions  i s  
maximum b u t  i n d i c a t e s  t h a t  t h e r e  migh t  b e  o t h e r  c r i t e r i a  t h a t  
are  more e f f e c t i v e .  The p r e s e n t  v e r s i o n  of  t h e  s e c a n t  method (4) 
computes  a c e r t a i n  we igh ted  sum o f  s q u a r e s  and  e l i m i n a t e s  t h e  
s o l u t i o n  h a v i n g  t h e  l a r g e s t  sum. 

(1) Numbers a p p l y  t o  R e f e r e n c e  a t  t h e  e n d .  
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I n  a t y p i c a l  a p p l i c a t i o n  o f  t h e  s e c a n t  method f o r  

t a r g e t i n g  i n  an  e a r t h  o r b i t a l  t r a j e c t o r y ,  an a t t e m p t  i s  made t o  
a d j u s t  f o r  i n s t a n c e ,  payload  and c e r t a i n  g u i d a n c e  p a r a m e t e r s  
t o  o b t a i n  a h o r i z o n t a l  f l i g h t  p a t h  a n g l e  and p r o p e r  v e l o c i t y  and 
a l t i t u d e .  Such a t y p i c a l  run may have an i n i t i a l  a l t i t u d e  
e r r o r  of  between lo5 and 1 0  
e r r o r  of  t e n  f e e t  w i t h i n  s i x  t o  n i n e  i t e r a t i o n s ,  which means t h a t  
t h e  e r r o r  d e c r e a s e s  on t h e  ave rage  by a f a c t o r  t e n  f o r  e a c h  
i t e r a t i o n .  

6 f e e t  and converge  to an a l l o w a b l e  

Graph 1 shows a p l o t  o f  a l t i t u d e  e r r o r  v e r s u s  
i t e r a t i o n  f o r  a non-convergent c a s e .  The cu rve  l a b e l e d  " P r e s e n t  
s e c a n t  method" shows how t h e  p r e s e n t  c r i t e r i o n  o f  s e l e c t i n g  
t h e  a p p r o x i m a t i o n  t o  b e  e l i m i n a t e d  does  n o t  lead t o  conve rgence .  
The a l t i t u d e  e r r o r  s t a r t s  f o r  t h e  f i r s t  i t e r a t i o n  a t  abou t  
3 4 0 , 0 0 0  f e e t  and ends  w i t h  an e r r o r  of  abou t  1 5 0 , 0 0 0  f e e t .  The 
c o r r e s p o n d i n g  p l o t s  f o r  v e l o c i t y  and f l i g h t  p a t h  a n g l e  e r r o r  
show a s imi la r  t r e n d .  

Reason for Not Converging 

C l o s e r  i n v e s t i g a t i o n  o f  t h e  c a s e  showed t h e  f o l l o w i n g .  
The e r r o r s  o f  t h r e e  dependent v a r i a b l e s  a re  r educed  by changing  
t h e  v a l u e  of t h r e e  independent  v a r i a b l e s .  At any t i m e ,  f o u r  
a p p r o x i m a t i o n s  a re  used  s i m u l t a n e o u s l y  t o  f i n d  a b e t t e r  one .  
The a p p r o x i m a t i o n  hav ing  t h e  l a r g e s t  e r r o r  i s  r e p l a c e d  by t h e  
new a p p r o x i m a t i o n .  S i n c e  t h e  new approx ima t ion  a g a i n  has t h e  
l a r g e s t  e r r o r ,  i t  w i l l  be e l i m i n a t e d  t h i s  t i m e  a l s o  and t h e  
same t h r e e  o l d  s o l u t i o n s  k e p t ,  and s o  f o r t h .  T h i s  s imply  means 
t h a t  t h e  s e c a n t  method o p e r a t e s  o v e r  and o v e r  w i t h  t h e  same o l d  
t h r e e  p o i n t s  combined w i t h  a f o u r t h  one which keeps  changing  a 
l i t t l e  b i t .  

The s i t u a t i o n , ,  though i m p o s s i b l e  t o  v i s u a l i z e  i n  f o u r  
d i m e n s i o n a l  s p a c e ,  may b e  encoun te red  when t h e  h y p e r - s u r f a c e s  
have  a l o c a l  ex t reme p o i n t .  For c l e a r e r  u n d e r s t a n d i n g ,  r e f e r e n c e  
i s  made t o  t h e  f i g u r e  on t h e  n e x t  page showing a one d i m e n s i o n a l  
c a s e  h a v i n g  a l o c a l  ex t reme p o i n t .  
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L e t  E (x) b e  t h e  e r r o r  f u n c t i o n  which s h o u l d  b e  r e d u c e d  to an  
a r b i t r a r i l y  small  v a l u e .  The d e s i r e d  s o l u t i o n  i s  i n  t h e  
v i c i n i t y  o f  p o i n t  0 .  It w i l l  be shown g r a p h i c a l l y  t h a t  i f  t h e  
i t e r a t i o n  p r e c e s s  i s  s t a r t e d  i n  t h e  v i c i n i t y  o f  p o i n t  P i t  
canno t  converge  to 0 .  2’ 

L e t  P1 and P2 b e  two i n i t i a l  s o l u t i o n s .  
t h e  s e c a n t  t h r o u g h  them leads to p o i n t  X w i t h  c o r r e s p o n d i n g  
P 

e l i m i n a t e d ,  and t h e  new p o i n t  P i s  used  t o g e t h e r  w i t h  t h e  
r e m a i n i n g  one to draw t h e  new s e c a n t  which on t h e  f i g u r e  
l eads  back  to p o i n t  XI. 
i s  i n  r e a l i t y  a l i m i t i n g  case  which would e v e n t u a l l y  be  
r e a c h e d  a f t e r  a l a r g e  number o f  i t e r a t i o n s .  The r e s u l t  i s  
t h a t  w i t h  t h i s  e l i m i n a t i o n  c r i t e r i o n ,  t h e r e  i s  no chance  o f  
e v e r  r e a c h i n g  p o i n t  0 because  p o i n t  P2, h a v i n g  t h e  smallest  
l o c a l  e r r o r ,  can  n e v e r  be e l i m i n a t e d  and t h e  i t e r a t i o n  p r o c e s s  
i s  l o c k e d  i n  an  area s u r r o u n d i n g  t h e  l o c a l  maximum. 

Drawing 

3 
Now t h e  p o i n t  w i t h  t h e  l a r g e s t  p r e v i o u s  e r r o r ,  P1 i s  

3 
3’ 

T h i s  s i t u a t i o n  may look un ique  b u t  

The Improved S e c a n t  Method 

By t a b u l a t i n g  t h e  number o f  t i m e s  t h e  same a p p r o x i -  
m a t i o n  may be k e p t  and l i m i t i n g  t h a t  number, t h e r e  would be  
a t  l e a s t  a chance o f  conve rg ing  to t h e  r i g h t  p o i n t .  I f  f o r  
i n s t a n c e  a f t e r  h a v i n g  used  p o i n t  P2 s e v e r a l  t imes i t  i s  d e c i d e d  
n o t  to u s e  i t  a g a i n  b u t  to use t h e  o t h e r  two p o i n t s  P and P 

i n s t e a d ,  a new i n t e r s e c t i o n  a t  X4 ( d o t t e d  l i n e )  i s  found 
p r o v i d i n g  a p o i n t  P4 and t h e  method w i l l  e v e n t u a l l y  converge  
to p o i n t  0 .  

3 1 

Shou ld ,  due to a d i f f e r e n t  r e l a t i v e  p o s i t i o n  of 
and P2, t h e  i n t e r s e c t i o n  between t h e s e  p o i n t s  and p o i n t s  P 1 
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t h e  E = 0 l i n e  have f a l l e n  on t h e  o p p o s i t e  s i d e  o f  t h e  l o c a l  
maximum, f o r  i n s t a n c e  to p o i n t  B ,  t h e n  convergence  would n o t  
b e  a s s u r e d .  However, i t  still would have more of' a chance to 
converge  t h a n  i f  i t  remained l o c k e d  around t h e  l o c a l  maximum. 
T h i s  i s  t h e  same approach  t h a t  was a p p l i e d  to t h e  n -d imens iona l  
c a s e .  The improved method s p e c i f i e s  t h a t  no new s o l u t i o n  may 
b e  e l i m i n a t e d  u n l e s s  i t  has been  used  f o r  d e t e r m i n i n g  a t  l e a s t  
two a p p r o x i m a t i o n s .  

T h i s  t e c h n i q u e  was a p p l i e d  to t h e  problem t h a t  
showed no convergence  on Graph 1. The r e s u l t  i s  shown on 
t h e  same g r a p h  on t h e  c u r v e  l a b e l e d  "Improved s e c a n t  method.' '  
The problem converges  t h i s  t ime i n  n i n e  i t e r a t i o n s .  

Conc lus ions  and Recommendations 

I n  o r d e r  t o  a v o i d  t h e  d i f f i c u l t i e s  e n c o u n t e r e d  by / 
t h e  w r i t e r s  i t  i s  recommended t h a t  u s e r s  o f  t h e  s e c a n t  method 
i n c o r p o r a t e  t h e  proposed  changes i n  t h e i r  s u b r o u t i n e .  The 
improved s e c a n t  method c a l l e d  s u b r o u t i n e ,  Wolfe-1 i s  a v a i l a b l e  
from t h e  Computer L i b r a r y .  

J .  J .  Schoch 
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